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a b s t r a c t
Wedefine a boundary defensive k-alliance in a graph as a set S of verticeswith the property
that every vertex in S has exactly kmore neighbors in S than it has outside of S. In this paper
we study mathematical properties of boundary defensive k-alliances. In particular, we
obtain several bounds on the cardinality of every boundary defensive k-alliance. Moreover,
we consider the case in which the vertex set of a graph can be partitioned into boundary
alliances, showing that if a d-regular graph G of order n can be partitioned into two
boundary defensive k-alliances X and Y , then |X | = |Y | = n2 and the algebraic connectivity
of G is equal to d− k.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
The mathematical properties of alliances in graphs were first studied by Kristiansen, Hedetniemi and Hedetniemi [8].
They proposed alliances of different types: namely, defensive [6–9,12,16], offensive [3,9,10,13,17] and dual or powerful
alliances [1,2,18]. For instance, a defensive alliance of a graph G is a set S of vertices of Gwith the property that every vertex
in S has at most one more neighbor outside of S than it has in S. A generalization of defensive alliances was presented by
Shafique andDutton in [14,15]where they define a defensive k-alliance as a set S of vertices ofGwith the property that every
vertex in S has at least k more neighbors in S than it has outside of S. In this paper, we study the mathematical properties
of a particular case of k-alliances that we call boundary k-alliances: we define a boundary defensive k-alliance in G as a set
S of vertices of G with the property that every vertex in S has exactly k more neighbors in S than it has outside of S. We
obtain several bounds on the cardinality of every boundary defensive k-alliance. Moreover, we consider the case in which
the vertex set of a graph can be partitioned into boundary alliances, showing that if a d-regular graph G of order n can be
partitioned into two boundary defensive k-alliances X and Y , then |X | = |Y | = n2 and the algebraic connectivity of G is equal
to d− k.
We begin by stating the terminology used. Throughout this article, G = (V , E) denotes a simple graph of order |V | = n
and size |E| = m. We denote two adjacent vertices u and v by u ∼ v. For a nonempty set X ⊆ V , and a vertex v ∈ V ,
NX (v) denotes the set of neighbors that v has in X: NX (v) := {u ∈ X : u ∼ v} and the degree of v in X is denoted by
δX (v) = |NX (v)|. We denote the degree of a vertex vi ∈ V by d(vi) (or by di for short) and the degree sequence of G by
d1 ≥ d2 ≥ · · · ≥ dn. The subgraph induced by S ⊂ V is denoted by 〈S〉 and the complement of the set S in V is denoted by
S¯. Moreover, ∂(S) denotes the set of neighbors of S: ∂(S) = ⋃v∈S NS¯(v). We recall that a set S ⊂ V is a dominating set in G
if for every vertex u ∈ S¯, δS(u) > 0 (every vertex in S¯ is adjacent to at least one vertex in S).
With the above notation we define a defensive k-alliance as follows.
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Fig. 1. S = {1, 2, 3} is a boundary defensive (1)-alliance.
Definition 1. A set S ⊆ V is a defensive k-alliance in G = (V , E), k ∈ {−d1, . . . , d1}, if
δS(v) ≥ δS¯(v)+ k, ∀v ∈ S. (1)
A defensive k-alliance in G is global if it forms a dominating set in G.
In this article we study the limit case of condition (1).
2. Boundary defensive k-alliances
Definition 2. A set S ⊂ V is a boundary defensive k-alliance in G, k ∈ {−d1, . . . , d1}, if
δS(v) = δS¯(v)+ k, ∀v ∈ S. (2)
A boundary defensive k-alliance in G is global if it forms a dominating set in G.
In Fig. 1 we show a graph G in which the set S = {1, 2, 3} is a boundary defensive (1)-alliance. Notice that this graph
does not contain any boundary defensive (0)-alliance.
Remark 1. Let G be a simple graph and let k ∈ {−d1, . . . , d1}. If for every v ∈ V , d(v) − k is an odd number, then G does
not contain any boundary defensive k-alliance.
Corollary 2. Let G be a d-regular graph and let k ∈ {−d, . . . , d}. If d− k is odd, then G does not contain any boundary defensive
k-alliance.
Definition 3. A set S ⊆ V is an offensive k-alliance in G = (V , E), k ∈ {2− d1, . . . , d1}, if
δS(v) ≥ δS¯(v)+ k, ∀v ∈ ∂(S). (3)
An offensive k-alliance in G is global if ∂(S) = S¯.
The limit case of condition (3) leads to the concept of boundary offensive k-alliances. The case of sets which are both
boundary offensive k-alliances and boundary defensive k-alliances was studied in [18].
Remark 3. If S is a defensive k-alliance in G and S¯ is a global offensive (−k)-alliance in G, then S is a boundary defensive
k-alliance in G.
Theorem 4. Let G = (V , E) be a graph and let S ⊂ V . Let m〈S〉 be the size of 〈S〉 and let c be the number of edges of G with one
endpoint in S and the other endpoint outside of S. If S is a boundary defensive k-alliance in G, then
(i) m〈S〉 = c+|S|k2 .
(ii) If G is a d-regular graph, then m〈S〉 = |S|(d+k)4 and c = |S|(d−k)2 .
Proof. If S is a boundary defensive k-alliance in G, then
2m〈S〉 =
∑
v∈S
δS(v) =
∑
v∈S
δS¯(v)+ |S|k = c + |S|k.
Thus, (i) follows. Moreover,
d(v) = 2δS¯(v)+ k, ∀v ∈ S.
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Hence,∑
v∈S
d(v) = 2
∑
v∈S
δS¯(v)+ |S|k = 2c + |S|k.
Therefore, if G is d-regular, d|S| = 2c + |S|k. Thus, (ii) follows. 
The bounds shown in Theorem 5 have been obtained in [11], on the minimum cardinality of a standard defensive k-
alliance.
Theorem 5. If S is a boundary defensive k-alliance in a graph G, then⌈
dn + k+ 2
2
⌉
≤ |S| ≤
⌊
2n− dn + k
2
⌋
.
Proof. As S ⊆ V is a boundary defensive k-alliance in G,
d(v)+ k
2
= δS(v) ≤ |S| − 1, ∀v ∈ S.
dn + k+ 2
2
≤ |S|.
Hence, the lower bound follows. On the other hand, if S is a boundary defensive k-alliance in G, then
dn − k
2
≤ d(v)− k
2
= δS¯(v) ≤ n− |S|, ∀v ∈ S.
Thus, the upper bound follows. 
As the following corollary shows, the above bounds are tight.
Corollary 6. The cardinality of every boundary defensive k-alliance S in the complete graph of order n is |S| = n+k+12 .
Notice that the complete graph G = Kn has boundary defensive k-alliances if and only if n+ 1+ k is even.
It is well-known that the second-smallest Laplacian eigenvalue of a graph, frequently called the algebraic connectivity,
is probably the most important information contained in the Laplacian spectrum. Also, the Laplacian spectral radius (the
largest Laplacian eigenvalue of a graph) contains important information about the graph. These eigenvalues are related to
several important graph invariants and they impose reasonably good bounds on the values of several parameters of graphs
which are very hard to compute.
The algebraic connectivity of G, µ, and the Laplacian spectral radius, µ∗, satisfy the following equalities shown by
Fiedler [4]:
µ = 2nmin

∑
vi∼vj
(wi − wj)2∑
vi∈V
∑
vj∈V
(wi − wj)2
 (4)
and
µ∗ = 2nmax

∑
vi∼vj
(wi − wj)2∑
vi∈V
∑
vj∈V
(wi − wj)2
 , (5)
where not all the components of the vector (w1, w2, . . . , wn) ∈ Rn are equal.
The following theorems show the relationship between the algebraic connectivity (and the Laplacian spectral radius) of
a graph and the cardinality of its boundary defensive k-alliances.
Theorem 7. Let G be a connected graph G. If S is a boundary defensive k-alliance in G, then
n
(
µ−
⌊
d1−k
2
⌋)
µ
 ≤ |S| ≤
⌊
n
(
µ∗ −
⌈ dn−k
2
⌉)
µ∗
⌋
.
Proof. As S is a boundary defensive k-alliance in G,
δS¯(v) =
d(v)− k
2
≥
⌈
dn − k
2
⌉
, ∀v ∈ S. (6)
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By Eq. (5), takingw ∈ Rn defined as
wi =
{
1 if vi ∈ S;
0 otherwise, (7)
we have
µ∗ ≥
n
∑
v∈S
δS¯(v)
|S|(n− |S|) . (8)
Then, by using (6) the above relation leads to
µ∗ ≥ n
⌈ dn−k
2
⌉
n− |S| . (9)
Therefore, solving (9) for |S| and considering that it is an integer, we obtain the upper bound.
On the other hand,
δS¯(v) =
d(v)− k
2
≤
⌊
d1 − k
2
⌋
, ∀v ∈ S. (10)
Then, the lower bound is obtained as above by using (10) and (4) instead of (6) and (5), respectively. 
If G = Kn, then µ = µ∗ = n and d1 = dn = n− 1. Therefore, the above theorem leads to the same result as Corollary 6.
The following result, given by Fiedler in [5], gives another relationship between the algebraic connectivity µ and the
minimum andmaximumdegrees of the graph, whichwill be used to obtain bounds on the cardinality of boundary defensive
k-alliances.
Lemma 8 ([5]). Let G be a graph of order n; then µ ≤ nn−1dn and µ∗ ≥ nn−1d1.
Theorem 9. Let G be a connected graph. If S is a boundary defensive k-alliance in G, then⌈
n(µ+ k+ 2)− µ
2n
⌉
≤ |S| ≤ n−
⌈
n(µ− k)− µ
2n
⌉
.
Proof. As S is a boundary defensive k-alliance in G,
dn ≤ d(v) = 2δS(v)− k ≤ 2(|S| − 1)− k, ∀v ∈ S, (11)
and
dn ≤ d(v) = 2δS¯(v)+ k ≤ 2(n− |S|)+ k, ∀v ∈ S. (12)
By Lemma 8, we have
µ ≤ n
n− 1dn. (13)
Therefore, by using (11) and (12) in (13) we obtain both bounds. 
Notice that in the case of the complete graph G = Kn, the above theorem leads to Corollary 6.
3. Boundary defensive k-alliances and planar subgraphs
The Euler formula states that for a connected planar graph of order n, sizem and f faces, n−m+ f = 2.
As a direct consequence of Theorem 4 and the Euler formula we obtain the following result.
Corollary 10. Let G = (V , E) be a graph and let S ⊂ V . Let c be the number of edges of G with one endpoint in S and the other
endpoint outside of S. If S is a boundary defensive k-alliance in G such that 〈S〉 is planar connected with f faces, then
(i) |S| = c+4−2f2−k , for k 6= 2.
(ii) If G is a d-regular graph, then |S| = 4f−8d+k−4 and c = 2(d−k)(f−2)d+k−4 , for k ∈ {5− d, . . . , d}.
Theorem 11. Let G be a graph and let S be a boundary defensive k-alliance in G such that 〈S〉 is planar connected with f faces;
then
|S| ≤
⌊√
16− 8f + (n+ k− 2)2 + n+ k− 2
2
⌋
.
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Fig. 2. (a) The complete graph G = (V , E) ' K5 is an example of a 4-regular graph where the set S = {2, 3, 4, 5} ⊂ V is a boundary defensive (2)-alliance.
(b) 〈S〉 ' K4 is planar with four faces. In this case |S| = 4f−8d+k−4 .
Proof. If S denotes a boundary defensive k-alliance in G, then∑
v∈S
δS(v) =
∑
v∈S
δS¯(v)+ k|S| ≤ |S|(n− |S|)+ k|S|.
By the Euler formula on 〈S〉we have∑v∈S δS(v) = 2(|S| + f − 2), so the result follows. 
The above bound is tight. For instance, the bound is attained for the complete graph G = K5 where the set S = {2, 3, 4, 5}
forms a boundary defensive 2-alliance and 〈S〉 ' K4 is planar with f = 4 faces (Fig. 2).
Theorem 12. Let G be a graph and let S be a boundary defensive k-alliance in G such that 〈S〉 is planar connected with f > 2
faces.
• If k ∈ {5− d1, . . . , d1}, then |S| ≥
⌈
4f−8
d1+k−4
⌉
,
• If k ∈ {5− dn, . . . , d1}, then |S| ≤
⌊
4f−8
dn+k−4
⌋
.
Proof. As S is a boundary defensive k-alliance in G,∑
v∈S
δS(v) =
∑
v∈S
δS¯(v)+ k|S|.
Hence,
|S|dn − k
2
+ k|S| ≤
∑
v∈S
δS(v) ≤ |S|d1 − k2 + k|S|. (14)
Therefore, by the Euler formula on 〈S〉 and the above inequalities, the bounds on |S| follow. 
By Corollary 10, the above bounds are tight.
4. Partitioning a graph into r boundary defensive k-alliances
Let G = (V , E) be a graph and let℘ = {X1, X2, . . . , Xr} be a partition of V into r boundary defensive k-alliances. Suppose
x = max1≤i≤r{|Xi|} and y = min1≤i≤r{|Xi|}, nx ≤ r ≤ ny . Examples of bounds of r are the following two corollaries.
As a consequence of Theorem 5 we obtain the following bounds.
Corollary 13. If G can be partitioned into r boundary defensive k-alliances, then 2n2n−dn+k ≤ r ≤ 2ndn+k+2 .
The above bounds are tight. For instance, from the above result we obtain that the complete graph G = Kn can be
partitioned into r = 2nn+k+1 boundary defensive k-alliances. In particular, if n is even, each pair of vertices of Kn forms a
boundary defensive (3 − n)-alliance. Thus, Kn can be partitioned into n2 of these alliances. Moreover, the upper bound is
attained, for instance, in the case of G = Kt1 × Ct2 , where Ct2 denotes a cycle of order t2. In such a case, G is a (t1+ 1)-regular
graph of order n = t1t2. Thus, for k = t1 − 3 we obtain r = t2. Notice that each one of the t2 copies of Kt1 is a boundary
defensive (t1 − 3)-alliance in G.
Remark 14. The complete graph of order n, G = Kn, can be partitioned into r boundary defensive k-alliances if, and only if,
n ≡ 0(r) and k = 2nr − n− 1.
As a consequence of Theorem 7 we obtain the following result.
Corollary 15. If G can be partitioned into r boundary defensive k-alliances, then 2µ∗2µ∗−dn+k ≤ r ≤ 2µ2µ−d1+k .
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Fig. 3. The sets S1 = {1, 2, 3, 4, 5} and S2 = {6, 7, 8, 9, 10} form a partition of the Petersen graph into two boundary defensive (1)-alliances.
The above bounds are tight. An example where the bounds are attained is the case of the complete graph G = Kn.
Moreover, by Corollary 15 we conclude, for instance, that if the Petersen graph (Fig. 3) can be partitioned into r boundary
defensive k-alliances, then k = 1 and r = 2 (in this case d1 = d2 = 3, µ = 2 and µ∗ = 5).
Theorem 16. Let G = (V , E) be a graph and let M ⊂ E be a cut set partitioning V into two boundary defensive k-alliances S
and S¯, where k 6= d1 and k 6= dn. Then
⌈
2m−kn
2(d1−k)
⌉
≤ |S| ≤
⌊
2m−kn
2(dn−k)
⌋
and |M| = 2m−kn4 .
Proof. As S is a boundary defensive k-alliance in G,∑
v∈S
d(v) = 2
∑
v∈S
δS¯(v)+ k|S|.
Moreover, as S¯ is a boundary defensive k-alliance in G,∑
v∈S¯
d(v) = 2
∑
v∈S¯
δS(v)+ k(n− |S|).
Therefore, from these two equalities we obtain
2m = 4
∑
v∈S
δS¯(v)+ kn. (15)
So, we have |M| =∑v∈S δS¯(v) = 2m−nk4 . Moreover, by using (6) and (10) in (15), we obtain the bounds on |S|. 
Corollary 17. Let G = (V , E) be a d-regular graph and let M ⊂ E be a cut set partitioning V into two boundary defensive
k-alliances S and S¯. Then |S| = n2 and |M| = n(d−k)4 .
Theorem 18. If {X, Y } is a partition of V into two boundary defensive k-alliances in G = (V , E), then, without loss of generality,⌈√
n(kn− 2m+ nµ)
4µ
+ n
2
⌉
≤ |X | ≤
⌊√
n(kn− 2m+ nµ∗)
4µ∗
+ n
2
⌋
and ⌈
n
2
−
√
n(kn− 2m+ nµ∗)
4µ∗
⌉
≤ |Y | ≤
⌊
n
2
−
√
n(kn− 2m+ nµ)
4µ
⌋
.
Proof. By Theorem 16,∑
v∈X
δY (v) = 2m− kn4 . (16)
Moreover, as we have shown in the proof of Theorem 7,
µ ≤
n
∑
v∈X
δY (v)
|X |(n− |X |) ≤ µ∗. (17)
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Therefore, by using (16) in both sides of (17) we obtain the bounds on |X | and |Y | = n− |X |. 
The above bounds are tight. For instance, in the case of the complete graph G = Kn, the above theorem leads to
|X | = n2 +
√
n(k+1)
4 and |Y | = n2 −
√
n(k+1)
4 . By using Remark 14, we have k = −1 and, as a consequence, |X | = |Y | = n2 .
By Corollary 17 and Theorem 18 we obtain the following interesting consequence.
Theorem 19. Let G = (V , E) be a d-regular graph. If V has a partition into two boundary defensive k-alliances, then the algebraic
connectivity of G is µ = d− k (an even number).
By the above necessary condition of existence of a partition of V into two boundary defensive k-alliances we obtain,
for instance, that the icosahedron cannot be partitioned into two boundary defensive k-alliances, because its algebraic
connectivity is µ = 5 − √5 6∈ Z. Moreover, the Petersen graph can only be partitioned into two boundary defensive
k-alliances for the case of k = 1, because d = 3 and µ = 2.
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